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The causal order of events need not be fixed: whether a bus arrives before or after another at a
certain stop can depend on other variables—like traffic. Coherent quantum control of causal order
is also possible and is a useful resource for several tasks. However, quantum control implies that
a controlling system carries the which-order information—if the control is traced out, the order of
events remains in a probabilistic mixture. Can the order of two events be in a pure superposition,
uncorrelated with any other system? Here a negative result is presented, showing that it is not
possible to have a superposition of two Markovian, unitary quantum processes with different causal
orders and equal local dimensions. The result imposes constraints on novel resources for quantum
information processing and on possible processes in a theory of quantum gravity.
I. INTRODUCTION
Quantum superpositions can be viewed as generalisa-
tions of classical probabilities: if classically we can be
uncertain between two alternatives, assigning to each a
probability, quantumly we should be able to consider
a superposition of the two, replacing probabilities with
complex amplitudes. Feynman’s sum-over-histories ap-
proach famously leverages this intuition [1]. Despite this
view, one typically considers superpositions of states,
whereas classical probabilities can be assigned to any lo-
gical statement. To what extent is it possible to general-
ise the superposition principle, beyond its original range
of applicability?
Of particular interest is the case of causal relations.
A main motivation comes from combining the principles
of quantum theory and general relativity. In a regime
where spacetime itself becomes subject to the laws of
quantummechanics, we expect that causal structure, too,
will become nonclassical [2–4]. A second, more practical,
motivation is that quantum causal structures can also be
realised experimentally [5–12] (on a classical spacetime
background) possibly leading to an advantage in solving
computational and information-theoretic tasks [13–21].
Despite much recent research, the scenarios considered
so far do not support a direct interpretation as super-
positions of causal orders. The most discussed example
is the so-called “quantum switch” [13], where a control
system determines the order in which a set of opera-
tions are performed on a target. Preparing the control in
a superposition produces a nonclassical causal structure
for the order of operations. Although sometimes collo-
quially described as a “superposition of causal orders”,
the quantum switch is in fact more appropriately inter-
preted as “entanglement” between causal relations and
the control system. Indeed, if the control is discarded,
the quantum switch is indistinguishable from a probab-
ilistic mixture of causal orders. Only by measuring the
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control can one verify the nonclassicality of the order of
operations.
Is a ‘pure’ superposition of causal orders possible, not
relying on any additional control system? Perhaps, this
would provide a novel resource, enabling tasks not achiev-
able by the quantum switch. It might also suggest types
of processes arising in a theory of quantum gravity.
Here, we propose a definition of superpositions of
causal orders and present a negative result, ruling out
the most intuitive candidates. We show that for unit-
ary, Markovian processes where all systems have equal
dimension, superpositions of two different causal orders
are not possible, in the sense that they do not constitute
valid processes. It remains an open question whether a
superposition is possible under weaker conditions.
II. SUPERPOSITIONS OF UNITARIES
Before considering superpositions of different causal or-
ders, it is useful to look at a simpler case: superposi-
tions of unitary transformations connecting an event in
the past—a state preparation—to one in the future—a
measurement. Given two unitaries Uj , j = 1, 2, it is nat-
ural to define their superposition as a linear combination
αU1 + βU2 for some complex numbers α, β, interpreted
as probability amplitudes. However, such a ‘superposi-
tion’ is not necessarily a unitary operator. For example,
no linear combination of U1 = 1 and U2 =
σx+iσy√
2
(where
σx, σy, σx denote the Pauli matrices) is unitary, for any
complex amplitudes α 6= 0, β 6= 0.
One could interpret arbitrary linear combinations of
unitaries in the the following way [22]: Introduce the
‘controlled unitary’ U0 ⊗ [0] + U1 ⊗ [1], which acts on
an additional ‘control’ system and where we use the
shorthand [ψ] = |ψ〉〈ψ|. Starting from a state of
the form |ψ〉 (α |0〉+ β |1〉), and postselecting the con-
trol on (〈0|+ 〈1|) /√2, the target system is left into
(αU0 + βU1) |ψ〉 /
√
2, which one can interpret as result-
ing from a superposition of unitaries. The problem with
this interpretation is that the postselection step requires
2obtaining one out of a set of possible measurement out-
comes, which in general only succeeds with some prob-
ability that depends on the initial state. As such a prob-
ability can be very small, or even vanish, realising a pro-
cess through postselection can nullify the associated ad-
vantages. Furthermore, postselection can induce appar-
ent signalling, making postselected processes unsuitable
for studies of causal relations1. For these reasons, here
we are only interested in processes that can be realised
without postselection.
We see that, for processes, superposition is not a uni-
versal possibility, as it is for states. However, there are
unitaries for which superpositions are possible. For ex-
ample, the Hadamard gate H := σx+σz√
2
is a rightful su-
perposition of σx and σz, not requiring any postselec-
tion. H is a ubiquitous resource in quantum information
and computation, precisely for its ability to convert basis
states into superpositions. Therefore, even if we do not
expect to be able to superpose arbitrary processes with
different causal orders, we can still ask whether any such
superposition is possible.
III. GENERAL QUANTUM PROCESSES
As we will see, superpositions of causal orders be-
come meaningful for processes connecting more than two
events. These can be described conveniently in the so-
called “process matrix formalism” [23] (see also other
closely related frameworks [24–28]). A simple example of
a multi-event process is one where a sequence of unitaries
U1, U2, . . . connects a set of events at times t1, t2, . . . We
assume that, at each time step, it is in principle possible
to perform arbitrary measurements or transformations
on the system. The particular operation taking place at
a given time step is what we call an ‘event’. More gener-
ally, we consider a scenario where the labels that identify
possible events are not necessarily associated with time
instants (for example, events might be delocalised in time
[29, 30], or take place on a nonclassical background [4]).
A single ‘event location’ with label A (also referred to as
“region”, “party”, or “laboratory”) is therefore identified
with the set of possible operations from an input to an
output Hilbert space, HAI and HAO, respectively.
The most general operation [31] is described by a Com-
pletely Positive (CP) trace non-increasing map MA :
AI → AO, where AI,O ≡ L(HAI,O) are the spaces of linear
operators over the respective Hilbert spaces. A determ-
inistic operation, i.e., one that happens with probability
one, is CP and trace preserving (CPTP): tr ◦MA = tr,
where tr and ◦ denote operator trace and function com-
position, respectively. A collection of CP maps {MAa }a,
1 For example, one can place bets on a roulette and consider only
the winning spins, effectively predicting the roulette’s outcome
in each of the postselected spins. This is unlikely to be a remu-
nerative strategy in any casino.
where a labels the measurement outcome, is called an in-
strument if
∑
aMAa is CPTP, which implies that there is
unit probability that at least one of the outcomes will oc-
cur. It is convenient to represent CP maps as operators,
using a version of the Choi-Jamiołkowksi isomorphism
[32, 33], MA 7→MA ∈ AI ⊗AO:
MA :=

∑
jk
|j〉〈k| ⊗MA (|j〉〈k|)


T
, (1)
where {|j〉}j is a basis ofHAI and T denotes transposition.
The local validity of quantum mechanics implies that
the joint probability for outcomes a1, . . . , an in regions
A1, . . . , An is given by [23, 34]
P (a1, . . . , an) = tr
[
W ·
(
MA
1
a1
⊗ · · · ⊗MAnan
)]
, (2)
where W ∈ A1⊗ · · ·⊗An is called the process matrix (or
simply process) and we use the shorthand Aj ≡ AjI⊗AjO.
W encodes all information relevant to the possible events,
such as initial state, transformations, and causal rela-
tions. Positivity of probabilities implies that the process
matrix is positive semidefinite, W ≥ 0, while normalisa-
tion requires
tr
[
W ·
(
M¯A
1 ⊗ · · · ⊗ M¯An
)]
= 1 (3)
for all CPTP maps M¯A
1
, . . . , M¯A
n
. Crucially, Eq. (3)
imposes on W more constraints than the normalisation
condition for states, tr ρ = 1. Therefore, whereas all pos-
itive semidefinite operators represent states (up to nor-
malisation) the same is not true for process matrices. As
we will see, it is this constraint that obstructs general
superpositions of processes.
The key property of the formalism is that it encodes
signalling correlations: a choice of instrument in a re-
gion can change the marginal probability for measure-
ment outcomes in another region. We say that a pro-
cess is causally ordered if there is a permutation σ of n
elements such that Aσ(j) cannot signal to any group of
parties
{
Aσ(k)
}
k
with σ(k) < σ(j). Conversely, we say
that W is incompatible with (the causal order induced
by) σ if it possible to signal from some Aσ(j) to a group
of parties
{
Aσ(k)
}
k
, all with σ(k) < σ(j). We say that
two processes W1, W2 are differently ordered if they are
causally ordered relative to permutations σ1, σ2, but in-
compatible with σ2, σ1, respectively. We are interest in
superpositions of differently ordered processes.
A related concept is that of causally nonseparable pro-
cess, which formalises the notion of indefinite causal order
[23, 35, 36]. However, the existence of locally classical,
causally nonseparable processes [37–40] makes this defin-
ition unsuitable to characterise nonclassical causal order.
3IV. SUPERPOSITIONS OF PURE PROCESSES
Process matrices are a generalisation of density
matrices and, as such, cannot be directly superposed. In
analogy to states, we can define superpositions for ‘pure’
processes, namely, for rank-1 process matrices: W = [ω]
for some process vector |ω〉 ∈ HA1I ⊗ HA
1
O ⊗ . . . Given
two pure process [ω1], [ω2], we define their superposition
through a linear combination |ω〉 = α |ω1〉+ β |ω2〉, with
α, β ∈ C, if [ω] is a valid process matrix. That is to say,
if and only if
〈ω|
(
M¯A
1 ⊗ · · · ⊗ M¯An
)
|ω〉 = 1 (4)
∀ CPTP M¯A1 , . . . , M¯An .
For the particular case where all output spaces are
trivial, the process reduces to a state, and superposition
of processes reduces to superposition of states. Another
special case is a process that connects a region’s output,
AO, to another region’s input, BI , of equal dimension.
In this case, a pure process represents a unitary trans-
formation (see, e.g., Appendix A of Ref. [41]), for which
we use the notation2
|U〉〉AOBI :=
∑
j
|j〉AO ⊗ (U |j〉)BI . (5)
Because of the linearity of the representation (5), a ‘su-
perposition of unitary processes’ reduces to the ‘super-
position of unitaries’ discussed earlier: α|U1〉〉+ β|U2〉〉 =
|αU1 + βU2〉〉.
More generally, a pure process defines an isometry
from all the output to all the input spaces: if all parties
prepare a pure state, they all receive a pure state, related
to the prepared ones through an isometry. In the partic-
ular case where the total input and output dimensions
are equal, the process defines a unitary transformation
from outputs to inputs [42]. We will use the term unit-
ary process for such cases3
V. SUPERPOSITIONS OF CAUSAL ORDERS
We are now in a position to discuss superpositions of
differently ordered processes. Let us first analyse the
quantum switch, to see what type of superposition it rep-
resents.
There are two different versions relevant to the present
discussion. The first is a tripartite process, where A1 ≡
A and A2 ≡ B act on a target system, while a third
party, A3 ≡ F (for “future”), receives the target system
2 In this notation, a state |ψ〉 prepared in region A transforms as(
〈ψ∗|AO ⊗ 1BI
)
|U〉〉AOBI = (U |ψ〉)BI .
3 Ref. [42] used the term “pure process” for what we call here
unitary process.
resulting from A and B’s operations, as well as a control
system. In this version, the initial state of the target is
set to some fixed state |ψ〉, while the control is fixed to
|+〉 = 1√
2
(|0〉+ |1〉). The resulting process vector is [41]
∣∣∣ω(3)switch
〉
=
1√
2
(
|0〉Fc |ψ〉AI |1〉〉AOBI |1〉〉BOFt
+ |1〉Fc |ψ〉BI |1〉〉BOAI |1〉〉AOFt
)
, (6)
where Fc and Ft respectively denote the control and tar-
get subsystems of F . Here F has only input space, while
its output is trivial, as no influence from F to A and B
is possible.
Expression (6) manifestly represents a superposition
of two differently ordered processes, with the target sys-
tem going first to A and then B or vice versa. However,
seen as an isometry, the process maps the two-qubit space
(AOBO) to the larger four-qubit space (AIBIFcFt). This
means that the isometry does not describe a ‘pure trans-
formation’, but also the specification of a state. The
natural interpretation is that process (6) displays entan-
glement between the control system Fc and the causal
order of A and B; therefore, it does not represent a su-
perposition of causal orders alone. Indeed, if we trace out
the control system, the resulting reduced process is caus-
ally separable (i.e., a classical mixture of causally ordered
ones) [35, 41].
The second version of the switch features an extra
laboratory, A0 ≡ P (for ‘past’), where both the control
and target systems can be prepared (corresponding to
subsystems Pc, Pt, respectively). As P does not receive
any state, its input space can be taken to be trivial. The
resulting unitary process is
∣∣∣ω(4)switch
〉
=
(
|0〉Pc |0〉Fc |1〉〉PtAI |1〉〉AOBI |1〉〉BOFt
+ |1〉Pc |1〉Fc |1〉〉PtBI |1〉〉BOAI |1〉〉AOFt
)
. (7)
This process is the sum of two vectors, each responsible
for a different causal order. However, the two vectors do
not define individually valid processes, as they are not
normalised for arbitrary CPTP maps. Therefore, process
(7) does not represent a superposition of processes with
different causal orders, but rather describes quantum con-
trol of the order of A and B.
The above observations lead us to the following:
Definition 1. A process vector |ω〉 for parties
P,A1, . . . , An, F (where P and F have trivial input and
output space, respectively) is a pure superposition of two
causal orders if
• |ω〉 represents a unitary process;
• there are two nonvanishing complex numbers α, β
and two differently ordered, unitary process vectors
|ω1〉, |ω2〉 for the same set of parties as |ω〉 such
that
|ω〉 = α |ω1〉+ β |ω2〉 . (8)
4The presence of a past (P ) and future (F ) party in
the definition follows from the fact that, in a causally
ordered process, there must be an initial party, which
cannot receive signals from any other, and a final party,
which cannot signal to the rest. If the process is unitary,
such parties must have trivial input and output space,
respectively. As such parties can only be respectively
first and last in any causally ordered process, the simplest
candidate superposition of orders has to be four-partite,
as in the unitary switch (7).
Although we do not know if a superposition of causal
orders is possible in general, we can rule it out for a
large class of Markovian processes. These describe evol-
ution from each region to the next, without any memory
carried over through an external environment across dif-
ferent steps. A Markovian process matrix is the tensor
product of processes describing the individual time evol-
utions from each region to the next [43–45]. Therefore,
a unitary, Markovian process compatible with the causal
order σ has the form
|ω〉 =
n⊗
j=0
|Uj〉〉A
σ(j)
O
A
σ(j+1)
I , (9)
where Uj are unitary matrices and we extend the per-
mutation to σ(0) = 0, σ(n + 1) = n + 1. Note that,
for such a process, each party can always signal to any
future one (conditioned on the intermediate parties per-
forming appropriate operations). Therefore, a process of
this form compatible with σ is necessarily incompatible
with any σ′ 6= σ.
Our core result is that, for the simplest four-partite
case, a linear combination of two processes with differ-
ent orders cannot satisfy the process vector normalisa-
tion constraints, Eq. (4). In particular, a CPTP map
for the output-only space P is an arbitrary density mat-
rix ρP ≥ 0, with tr ρP = 1 (describing a state prepara-
tion), while the only CPTP map for the input-only space
F is 1F (describing an arbitrary POVM measurement
whose outcome is ignored). For X = A,B, a CPTP
map is represented by a matrix ξXIXO ≥ 0 such that
trXO ξ
XIXO = 1XI . The technical statement of our res-
ult, proven in the appendix, is then as follows:
Lemma 2. For every set of unitaries {Uj, Vj}j=1,2,3,
and complex numbers α, β 6= 0, it is possible to find
matrices ρ, ξ, η ≥ 0, with tr ρ = 1, trAO ξAIAO = 1AI ,
and trBO ξ
BIBO = 1BI , such that
〈ω| (ρP ⊗ ξAIAO ⊗ ηBIBO ⊗ 1F ) |ω〉 6= 1, (10)
where |ω〉 is defined by Eq. (8) and
|ω1〉 = |U1〉〉PAI |U2〉〉AOBI |U3〉〉BOF , (11)
|ω2〉 = |V1〉〉PBI |V2〉〉BOAI |V3〉〉AOF . (12)
This result rules out the simplest, most intuitive super-
positions of causal orders. Note that, because each step
is unitary, all input and output spaces must have equal
dimension4. This is not guaranteed for arbitrarily many
parties. As it turns out, we need the additional assump-
tion of equal dimensions to prove our general result:
Corollary 3. Consider a set of parties P,A1, . . . , An, F ,
where P has trivial input, F has trivial output, and all
nontrivial input and output dimensions are equal. For
every pair of differently ordered, unitary, Markovian pro-
cess vectors |ω1〉, |ω2〉, and complex numbers α, β 6= 0,
the linear combination |ω〉 = α |ω1〉+β |ω2〉 is not a valid
process vector.
Proof. We can prove the statement by reducing the gen-
eral case to the n = 2 one. Indeed, let σ1 6= σ2 be the per-
mutations defining the causal orders of |ω1〉 and |ω2〉. As
the two permutations are different, we can find j 6= k such
that σ1(j) < σ1(k) and σ2(k) < σ2(j). Inserting identity
unitaries in all regions expect j, k, we obtain the bipart-
ite reduced processes [41] |ω˜♯〉 :=
(⊗
i6=j,k 〈〈1|A
i
IA
i
O
)
|ω♯〉,
with |ω♯〉 = |ω〉 , |ω1〉 , |ω2〉. Now, we have |ω˜〉 = α |ω˜1〉+
β |ω˜2〉, where |ω˜1〉 and |ω˜2〉 are unitary, Markovian, and
differently ordered. Lemma 2 then implies that |ω˜〉 can-
not be a valid process, which in turn implies that |ω〉
cannot be a valid process either.
VI. CONCLUSIONS
We have seen that superpositions of processes with dif-
ferent causal orders are strongly constrained, if we re-
quire that the order between the processes is not correl-
ated with any additional system. In particular, it is not
possible to superpose sequences of equal-dimension unit-
aries connecting events in different orders—arguably the
most intuitive candidate superposition of causal orders.
Relaxing the assumptions in the no-go theorem leads to
some open possibilities: it is currently unclear whether it
is possible to superpose unitary, differently ordered pro-
cesses that do not satisfy Markovianity or where the local
input and output spaces do not have equal dimensions.
Furthermore, it is an intriguing possibility to develop a
notion of ‘coherence’ of causal orders that applies to non-
pure processes, possibly generalising corresponding re-
source theories for states [46, 47].
Note added.—While completing the current manu-
script, the author was made aware of related results in
Ref. [48]. In particular, Lemma 2 above can be deduced
from Corollary 5 in Ref. [48].
4 The unitaries in Eq. (11) imply dP = dAI , dAO = dBI , and
dBO = dF , while from Eq. (12) we get dP = dBI , dBO = dAI ,
and dAO = dF . Taken together, the two sets of equations imply
that all dimensions are the same.
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Appendix: Proof of Lemma 2
Using the shorthand
χ = ρP ⊗ ξAIAO ⊗ ηBIBO ⊗ 1F , (A.1)
with tr ρP = 1, trAO ⊗ξAIAO = 1AI , trBO ηBIBO = 1BI ,
we write the expectation value (10) as 〈χ〉 = 〈ω|χ |ω〉.
Since |ω1〉 and |ω2〉 are normalised process vectors, we
have 〈ω1|χ |ω1〉 = 〈ω2|χ |ω2〉 = 1 for all χ of the form
(A.1), so that
〈χ〉 = |α|2 + |β|2 + 2Re (α∗β 〈ω1|χ |ω2〉) . (A.2)
For |ω〉 to be a normalised process, we need 〈χ〉 = 1 for all
χ of the form (A.1), which requires Re (α∗β 〈ω1|χ |ω2〉)
to be constant. Writing α∗β = eiφ |α∗β|, we obtain that
the cross term Re
(
eiφ 〈ω1|χ |ω2〉
)
should be constant for
all χ.
In order to simplify the cross term, we restrict the
CPTP maps to a pure state preparation |ψ〉 for P and
unitaries R, S for A and B, respectively, so that
χ = [ψ∗]P ⊗ [[R∗]]AIAO ⊗ [[S∗]]BIBO ⊗ 1F , (A.3)
with the notation [[A]] ≡ |A〉〉〈〈A| and where the complex
conjugations in |ψ∗〉, R∗, S∗, results from the transpos-
ition in the Choi representation (1) for local operations.
After some linear algebra, we arrive at
〈ω1|χ |ω2〉 = 〈ψ|U †1R†U †2S†U †3V3RV2SV1 |ψ〉 . (A.4)
The crucial step of the proof is to simplify this expression
through an appropriate choice of local operations. We
can do this using the substitutions
S 7→ S′ = U †3V3U †2V1SV †1 , (A.5)
R 7→ R′ = U †2V1RV †1 U2V †3 U3V †2 , (A.6)
under which the cross term takes the form
eiφ 〈ω1|χ |ω2〉 = 〈ψ|V T |ψ〉 , (A.7)
V = eiφU †1V2U
†
3V3U
†
2V1, (A.8)
T = R†S†RS. (A.9)
Now the normalisation of |ω〉 reduces to the condition
that, given V as in Eq. (A.8), Re (〈ψ|V T |ψ〉) has to be
constant for all unitaries T of the form (A.9) and all |ψ〉.
This implies that V T + T †V † should be proportional to
the identity or, equivalently,
TV T + V † = λT, (A.10)
where λ is a number that depends on α and β:
λ =
1− |α|2 − |β|2
2 |α∗β| . (A.11)
To show that no unitary V can satisfy condition (A.10)
for allR, S, it is sufficient to take block-diagonal unitaries
R, S of the form σ⊕1, where σ acts on a two-dimensional
subspace spanned by eigenstates of V (so that the re-
striction of V to that subspace is also unitary). In other
words, it is sufficient to show that condition (A.10) can-
not be satisfied by any single-qubit unitary V . We will
omit the ⊕1 for notational convenience.
Let us consider first the case where λ = 0; that is,
a superposition of processes with normalised amplitudes
|α|2 + |β|2 = 1. Condition (A.10) reduces to
TV T + V † = 0, (A.12)
which has to hold for all T of the form (A.9). We have to
find a set of unitaries T of that form such that a single
unitary V cannot satisfy Eq. (A.12) for all of them. First,
choose R = S = 1 to set T = 1, so that Eq. (A.12) gives
V + V † = 0. (A.13)
Using this into condition (A.12), we now have
TV T = V. (A.14)
We can see that this is not possible by choosing Rj , Sj
such that iσj = Tj = R
†
jS
†
jRjSj , with j = x, y, z labelling
the three Pauli matrices. (For example, for j = x, we can
choose Rx = σy, Sx = 1+iσx√2
5.) Now, V has to satisfy
σjV σj = −V, j = x, y, z. (A.15)
This can only hold for V = 0, which is not a unitary.
Let us now go back to the λ 6= 0 case. As we have seen
above, we can choose R and S such that T = iσx. But we
can also set T = −iσx by choosing R = σy, S = 1−iσx√2 .
Thus, we get the two equations
−σxV σx + V † = iλσx, (A.16)
−σxV σx + V † = −iλσx. (A.17)
These can be satisfied simultaneously only for λ = 0,
which brings us back to the previous case, concluding
the proof.
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